Heat conduction in a functionally graded, infinitely-long hollow cylinder is studied based on the three-phaselag model. Material properties except the phase-lags vary according to a power-law within the cylinder. The phase-lag heat conduction equation is written in a form in which various models of heat conduction theories can be generated. The governing differential equations in the Laplace domain are solved exactly and a numerical Laplace inversion technique is employed for restoring results in the time domain. The effects of different heat conduction theories, phase-lags, geometries, and non-homogeneity indices are studied on the spatial distribution and time-history of temperature.
INTRODUCTION
The relation between heat flux and temperature gradient is given by the constitutive relation of heat flux which along with the energy conservation equation or first law of thermodynamics establishes the heat conduction equation. The earliest constitutive relation of heat flux was proposed by Fourier in 1807 which leads to the classical parabolic heat conduction equation with an infinite thermal wave speed [1] . It means that thermal disturbances are felt instantaneously at all points far from the thermal source, which is physically unrealistic for applications involving very low temperature, ultrafast laser heating, and micro temporal and spatial scales [2] . Consequently, different non-Fourier constitutive relations and heat conduction equations have been introduced to remove this inherent drawback of the classical Fourier heat conduction.
The C-V constitutive heat flux relation with hyperbolic-type heat conduction equation was proposed by Cattaneo [3] and Vernotte [4] . In this model, the time-lag needed for the establishment of heat flux was characterized by the thermal relaxation time. Although the C-V model predicts a finite thermal wave speed, it has been observed that some of its predictions are not compatible with the experimental results due to overlooked microstructural effects in the heat conduction process. To consider the microstructural effects such as phonon-electron interaction and phonon scattering, the phase-lag of temperature gradient was considered in the heat flux constitutive relation by Tzou [5, 6] along with the phase-lag of heat flux which is interpreted as the time delay due to the fast transient effect of thermal inertia. The constitutive model results in the dual-phase-lag (DPL) heat conduction equation. Later, Choudhuri [7] established the three-phase-lag (TPL) constitutive model by introducing the phase-lag of heat flux, temperature gradient, and thermal displacement gradient in heat conduction equation. Contrary to temperature gradient which serves as a constitutive variable in Fourier, C-V, and DPL heat conduction theories, temperature displacement gradient is considered as a constitutive variable in TPL model. The introduction of TPL model provides a general theoretical heat conduction model with different microstructural considerations in order to enable scientists in the field of heat conduction with a multiscale model to predict accurately the thermal behavior of structures. Recently, the new generalized fractional model for heat conduction has also been introduced [8] . Since the phase-lag theories could lead to parabolic-type or hyperbolic-type differential equations based on the order of Taylor series expansion of the phase-lags, analytical and numerical investigations on thermal responses of different types of DPL and TPL models are significant for application of phase-lag theories in thermal analysis.
Laminated and multi-layered composites are suffering from the structural failure caused by the mismatch of material properties along the interfaces. To avoid abrupt changes of material properties across conventional laminated composites, functionally graded materials (FGMs) with continuous spatial transition of material properties have been introduced which experience the reduced stress concentration, stress intensity factor, and thermal stresses [9, 10] . Subsequently, thermal analysis of functionally graded (FG) structures is crucial for accurate design of FG components.
Frankel et al. [11] presented general one-dimensional temperature and heat flux formulations for hyperbolic heat conduction in composite media and obtained the distribution from the heat flux formulation using a generalized finite integral transform technique. Two-dimensional hyperbolic heat conduction problems were solved by Chen and Lin [12] with the hybrid numerical scheme. Babaei and Chen [13] analyzed the hyperbolic heat conduction in an FG hollow cylinder. Similar investigation was done by Keles and Conker [14] to show the non-Fourier heat conduction in FG hollow cylinders and spheres with exponentially-varying material properties. Darabseh et al. [15] studied numerically the uncoupled thermoelasticity problem in an orthotropic cylinder using the hyperbolic heat conduction theory. Furthermore, Abd-Alla and Mahmoud [16] discussed the magneto-thermoelastic behavior in a rotating non-homogeneous orthotropic hollow cylinder with the hyperbolic heat conduction model.
The heat conduction based on the DPL theory in different FG cylindrical panels was investigated by Akbarzaheh and Chen [17] . They also considered the heat conduction in one-dimensional FG media with DPL theory for different geometries in Cartesian, cylindrical, and spherical coordinate systems [18] . Ramadan [19] obtained the semi-analytical solution of transient heat conduction in multilayered media with DPL theory. Two-dimensional DPL thermal behavior in multilayered structures was studied by Chou and Yang [20] using the space-time conservation element and solution element method, in which the temperature and heat flux can be solved simultaneously at each time-step. Liu [21] numerically analyzed the DPL heat conduction in two-layered cylinders with non-linear interface boundary conditions because of the difference in relaxation time of two dissimilar materials. Akbarzadeh et al. [22, 23] studied the coupled thermopiezoelectric behavior of a one-dimensional, functionally graded piezoelectric rod based on the classical uncoupled, classical coupled, and generalized coupled thermoelasticity. The DPL model was used by Abouelregal et al. [24] to clarify the problem of an infinite non-homogeneous solid having a spherical cavity in the magnetic field. Liu and Chen [25] analyzed the inverse non-Fourier bioheat transfer problem in the bi-layer spherical geometry to explore the existence of DPL thermal behavior in tissues. Moreover, Tabrizi and Andarwa [26] proposed a method based on the frequency response to measure the time lag constants in heat conduction.
Quintanilla and Racke [27] discussed the stability conditions of the TPL heat conduction model; the fundamental solutions of this model were also derived by [28] . Mukhopadhyay and Kumar [29] analyzed the effect of phase-lags on the thermoelastic wave propagation in a two-dimensional, thick plate using different thermoelasticity theories. The thermoelastic and thermo-visco-elastic problems of a spherical shell under thermal shock condition, using the TPL model, were studied by Kar and Kanoria [30, 31] . Banik and Kanoria [32] considered the thermoelastic interactions in an FG isotropic unbounded medium due to periodically varying heat sources with TPL heat conduction theory.
This paper investigates the three-phase-lag heat conduction in an FG infinitely-long hollow cylinder with a power-law distribution of material properties along the radial direction. The most generalized, threephase-lag heat conduction equation in a non-homogeneous cylinder is derived which includes the wave-like and diffusive-like TPL and DPL models as well as C-V and classical Fourier heat conduction theories. A semi-analytical solution procedure is used for obtaining the transient temperature field for different temporal boundary conditions. The thermal wave speeds based on different heat conduction theories in the cylindrical coordinate are also compared. Finally, numerical results are depicted for various heat conduction theories, phase-lag of heat flux, phase-lag of temperature gradient, and phase-lag of thermal displacement gradient.
GOVERNING EQUATIONS
The three-phase-lag heat conduction model was developed by Choudhuri [7] and can be expressed as:
in which q, k, k * , T , v, τ q , τ T , τ v , and t are the heat flux vector, thermal conductivity, rate of thermal conductivity, absolute temperature, thermal displacement which satisfiesv = T , phase-lag of heat flux, phase-lag of temperature gradient, phase-lag of thermal displacement gradient, and time, respectively; r is the position vector and ∇ is the gradient operator. Taylor's series expansion of Eq. (1) up to the second order for τ q , τ T , and τ v leads to the following heat conduction equation:
The overdots indicate time derivatives. The energy conservation equation can also be written as
where R, ρ, and c p are, respectively, the internal heat generation, density, and specific heat.
By eliminating q using Eqs. (2) and (3), the heat conduction equation based on the TPL model for nonhomogeneous materials can be obtained as
It is worth noting that all phase-lags are assumed to be constant for simplicity. For an infinitely-long hollow cylinder with inner radius r i and outer radius r o , Eq. (4) can be expressed in the cylindrical coordinate as
Equation (5) (5) and letting k * = τ T = 0 result in the C-V or hyperbolic heat conduction theory. The classical Fourier heat conduction theory can also be obtained by vanishing τ q in the C-V model. Furthermore, the TPL model could also simulate the situations in which thermal conductivity k is much smaller than the rate of thermal conductivity k * that cannot be conducted by the other non-Fourier heat conduction theories [7] . The material properties of an infinitely-long, axisymmetric FG hollow cylinder are assumed to vary along the radial direction according to the power-law formulation as follows [33, 34] :
where k o , k * o , ρ o , and c po are constants; n j (j = 1, 2, 3) are non-homogeneity indices and η = r/r o . The following non-dimensional parameters are also used in the solution procedure:
in which T ∞ is the ambient temperature, T wi and T wo are temperature on the inner and outer surfaces, q r is the heat flux in the radial direction, and k o = k o /ρ o c po .
SOLUTION PROCEDURE
The solution procedure for the transient heat conduction analysis in a one-dimensional FG hollow cylinder is given in this section. The inner and outer surfaces of the cylinder could be subjected to different types of transient thermal loading.
Substituting Eqs. (6) and (7) into Eq. (5) and omitting the internal heat generation R result in the following governing equation:
in which the TPL parameter is defined as
The following Laplace transform is used to deal with the transient response of the FG cylinder:
wheref denotes the Laplace transform of functionf (ζ ) and s is the Laplace variable. Due to the timederivative terms up to the fourth-order in Eq. (8), the following non-dimensional initial conditions, compatible with the stability of initial ambient temperature, are considered in this analysis:
Applying the Laplace transform to Eq. (8) results in
in which
The solution of the ordinary differential equation (12) can be expressed as
where 
1−e −ζ 0 s s and A 1 and A 2 are unknown constants to be determined by satisfying thermal boundary conditions; J G and Y G represent, respectively, the Gth-order Bessel function of the first and second kind. The heat flux can also be obtained in the Laplace domain using Eqs. (2), (6), (7), (10), and (14) as follows:
where
The non-dimensional boundary conditions are specified as follows:
in which g(ζ ) is the temporal function for the applied thermal boundary conditions as defined in Table 1 along with their Laplace transformg(s) for different types of applied transient thermal loadings. In Table 1 , H (ζ ) and ζ 0 are the Heaviside step function and non-dimensional removal time of the thermal disturbance, respectively. The unknown constants A 1 and A 2 in Eqs. (14) and (16) can be obtained by satisfying the thermal boundary condition (18) in the Laplace domain.
Then the fast Laplace inversion technique (FLIT) is used to convert the transient temperature and heat flux from the Laplace domain to the time domain [18, 35] . The heat conduction equation (8) , in which all phase-lags have been expanded up to the second-order in Taylor series expansion, does not show the wave-like behavior for temperature and heat flux. The thermal behavior based on the heat conduction equation (8) is diffusive-like instead. However, thermal wave behavior could be observed when the phase-lags of heat flux τ q and thermal displacement gradients τ v are expanded to the second-order and the phase-lag of temperature gradient τ T is expanded to the first-order in Taylor series expansion. The wave-like behavior for this case could be observed by isolating Eq. (8) in the following wave form:
and
where C TPL1 represents the thermal wave speed within the FG cylinder based on the first-type TPL model, in which τ q and τ v are expanded up to the second-order and τ T is expanded to the first-order. Furthermore, a second-type TPL model can be developed by expanding τ q to the second order and τ T and τ v to the first-order. The thermal wave speed based on the second-type TPL model is expressed as
For wave-like DPL and C-V heat conduction models, a similar approach can be used to obtain the thermal wave speed C DPL and C C−V , respectively [18] . Consequently, the relation among C TPL2 , C DPL , and C C−V can be obtained as
NUMERICAL RESULTS
In this section, the effects of different heat conduction theories, phase-lags, non-homogeneity indices, and geometries on the thermal behavior of an infinitely-long hollow cylinder are depicted. The initial temperature of the cylinder and the outer radius of FG cylinders are assumed to be T ∞ = 300 K and r o = 1, respectively, for all of the numerical results. The non-dimensional phase-lags of heat flux, temperature gradient, and thermal displacement gradient are adopted to be ε o = 0.35, δ o = 0.25, and α o = 0.15; it is also assumed that C models are compared with each other. The inner radius of the cylinder are assumed to be r i = 0.6 and all non-homogeneity indices are assumed the same as n 1 = n 2 = n 3 = n = 1. A sudden temperature rise T wo = 600 K, according to the thermal load type I in Table 1 , is applied to the outer surface of the cylinder while the inner surface is kept at the initial temperature. Accordingly, Fig. 1(a) shows the temperature distribution at non-dimensional time ζ = 0.14 and Fig. 1(b) depicts the temperature time-history at nondimensional radial coordinate η = 0.8. As seen in Fig. 1(a) , a thermal wave based on all of these wave-like heat conduction theories propagates from the outer surface and comes toward the inner surface; it is then reflected from the inner surface and travels toward the outer surface and continues this back and forth movement to reach the steady state condition. Furthermore, the thermal wave speed based on the first-type TPL is greater than the second-type TPL model, as shown in Fig. 1(a) . Independent of material properties, the thermal wave-speed based on the second-type TPL and wave-like DPL models are the same; however, the C-V thermal wave could precede the TPL and DPL thermal waves depending on the material properties, as theoretically predicted in Eqs. (22) through (24) . In addition, Fig. 1(b) shows that the temperature oscillates around the steady-state solution for different wave-like heat conduction theories. It is worthwhile to mention that the results given in Figs. 1(a-b) , based on the wave-like DPL and C-V models, are the same as those in [13, 18] which verify the solution procedure. Fourier heat conduction theory. The diffusive-like TPL and DPL models include either cases of Taylor series expansion up to the first-order or up to the second-order for all the phase-lags. The material properties and boundary conditions are assumed the same as those mentioned in Fig. 1 except the inner radius which is assumed to be r i = 0.5. The temperature distribution at the non-dimensional time ζ = 0.14 and temperature time-history at the non-dimensional coordinate η = 0.75 are shown in Figs. 2(a-b) . Fig. 2(a) obviously reveals that the temperature propagates with an infinite thermal wave speed for all these models. Furthermore, the maximum values of the transient temperature based on the TPL models are greater than those based on the DPL and Fourier models, as seen in Fig. 2(b) . The effects of non-dimensional phase-lags of heat flux ε o , temperature gradient δ o , and thermal displacement gradient α o as well as the TPL parameter C 2 T on the thermal responses of the cylindrical medium are illustrated in Figs. 3 through 6 . The exact values of the phase lags of heat flux and temperature gradient for typical metals can be found in [36] . The inner radius of the cylinder is assumed r i = 0.2 and the nonhomogeneity indices are n 1 = n 2 = n 3 = n = 1. The inner surface of the cylinder experiences a dynamic, type I temperature rise T wi = 600 K while the outer surface is kept at initial temperature T wo = 300 K. The second-type TPL model is used to study the effects of phase-lags on the thermal behavior, while the first-type TPL model is employed to investigate the TPL parameter's effect. According to Eq. (23), the thermal wave speed based on the second-type TPL model is independent of non-dimensional phase-lag of thermal displacement gradient, α o . This phenomenon can be observed in Fig. 5(a) which presents the temperature distribution at the non-dimensional time ζ = 0.14. The phaselags of heat flux and temperature gradient as well as the TPL parameter are kept constant as ε o = 0.35, δ o = 0.25, and C 2 T = 2.5, while the effect of α o is illustrated in Fig. 5 . The temperature time-history at the non-dimensional coordinate η = 0.6 is also shown in Fig. 5(b) . Although the thermal wave speed based on the second-type TPL model is independent of phase-lag of thermal displacement gradient, increasing α o Fig. 7 . Effect of inner radius r i on temperature distribution at non-dimensional time ζ = 0.14.
enhances the magnitude of thermal wave-front and increases the maximum transient temperature, as seen in Fig. 5 .
Since the TPL parameter C In order to analyze the effect of geometry on the temperature field, the temperature distribution at the non-dimensional time ζ = 0.196 is shown in Fig. 7 . The outer radius of the cylinder is kept constant r o = 1, while the inner radius changes for different geometries. The non-dimensional phase-lags and TPL parameter are assumed to be: ε o = 0.35, δ o = 0.25, α o = 0.15, and C 2 T = 2.5; and the non-homogeneity indices are also assumed to be the same as n 1 = n 2 = n 3 = n = 1. The outer surface of the cylinder is subjected to the transient temperature rise of type III of T wo = 600 K. As depicted in Fig. 7 , the inner radius does not affect the thermal wave speed and magnitude of the transient temperature.
At last, Fig. 8 shows the effect of non-homogeneity indices on temperature distribution at the nondimensional time ζ = 0.14 and temperature time-history at the non-dimensional coordinate η = 0.8. The second-type TPL model is adopted for the investigation. To focus on the effect of non-homogeneity, all non-homogeneity indices are assumed the same n 1 = n 2 = n 3 = n. The outer surface of the FG cylinder is subjected to a dynamic thermal load of type II with the magnitude T wo = 600 K, while the inner surface of the cylinder is kept at the initial temperature T wi = 300 K. As seen in Fig. 8(a) , a higher non-homogeneity index n results in a greater thermal wave speed. Furthermore, increasing the non-homogeneity index n leads to a higher maximum transient and steady-state temperature as shown in Fig. 8(b) .
CONCLUSIONS
The thermal behavior in an FG, infinitely-long, hollow cylinder is studied using the TPL heat conduction theory which also covers the DPL, C-V, and classical Fourier heat conduction theories. Among different (a) (b) Fig. 8 . Effect of non-homogeneity indices n on (a) temperature distribution at non-dimensional time ζ = 0.14; (b) temperature time-history at non-dimensional coordinate η = 0.8. types of TPL model, two could result in the wave-like behavior for temperature. Taylor series expansion of the phase-lag of heat flux τ q up to the second-order and the phase-lag of temperature gradient τ T up to the first-order could lead to the first-or second-type of TPL model providing the Taylor series expansion of the phase-lag of thermal displacement gradient τ v up to the second-or first-order, respectively. All material properties are assumed to change continuously according to a power-law formulation in the radial direction except the phase-lags which are kept constant. Using Laplace-transform, the time-dependent governing differential equation is reduced to a Bessel differential equation. The temperature and heat flux are then converted to the time domain using the fast Laplace inversion technique. Using the semi-analytical solutions, the effects of different heat conduction theories including the TPL, DPL, C-V, and Fourier models as well as the influence of phase-lags, TPL parameter, the geometry, and non-homogeneity indices of the cylinder on the thermal response are graphically depicted. The following conclusions can be drawn from our theoretical and numerical results:
(a) The first-and second-type TPL, wave-like DPL, and C-V models reveal a finite thermal wave speed in the heat conduction process in contrast with the classical Fourier heat conduction theory. The thermal wave speed based on the first-type TPL model is larger than the second-type TPL model which predicts the same thermal wave speed as the wave-like DPL model.
(b) The effects of phase-lags of heat flux τ q , temperature gradient τ T , and thermal displacement gradient τ v as well as TPL parameter C 2 T on the thermal behavior are significant in the TPL heat conduction models. For the first-type TPL model, thermal wave speed increases by increasing non-dimensional phase-lag of temperature gradient δ o , phase-lag of thermal displacement gradient α o , and the TPL parameter C 2 T ; nonetheless, increasing non-dimensional phase-lag of heat flux ε o decreases the thermal wave speed. On the other hand, thermal wave speed based on the second-type TPL model is independent of the phase-lag of thermal displacement gradient and TPL parameter.
(c) For cylinders with the same outer radius, the inner radius of the cylinder, and accordingly, the geometry of the cylindrical medium does not affect the thermal wave speed and magnitude of transient temperature.
(d) The effect of non-homogeneity indices on the thermal behavior is remarkable. Increasing the nonhomogeneity indices increases the thermal wave speed and the maximum transient temperature.
